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1 Introduction to Several Complex Variables

1.1 Holomorphic functions of several complex variables

Definition 1.1. Let Q C C" be open, and let f : Q — C be a function f = f(z1,...,2,) =
f(x1, 91, Tn, Yn), where z; = x;+y;. We say that f is holomorphic in Q if f € C1(Q)
and if for every j, z; — f(z1,...,2j,...,2,) where it is defined.

Define
of _1(or or
85]' 2 (%cj 8yj
for 1 < j <n. Then f is holomorphic if and only if f € C'(Q) and E%C =0 for all j.
Define also
o _1(of  1of
0z; 2 \0x; idy;)’
For all f € C1(Q),
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=:0f =:0f

So f is holomorphic iff badf = 0.

Example 1.1. Let f € L'(R") be such that f = 0 for large |z|. Then the Fourier transform
flo) = [ f@etan,  gerr

extends to the entire function
FO = [ f@ean,  cecn,

where - ( =, x;(; (in particular, there are no complex conjugates involved).

Remark 1.1. The space of holomorphic functions, Hol(Q) is a ring.



1.2 Cauchy’s integral formula in a polydisc

What is the analogue of a disc in C"? We could try Euclidean balls, but this turns out to
be more complicated.

Definition 1.2. A polydisc D C C" si a set of the form D = D; x---x D,,, where each D;
is an open disc in C. The boundary is 0D = {z = (21,...,2,) € C": Jj s.t. z; € OD;}.
The distinguished boundary of D is dyD = {z € C" : z; € 0D; Vj}.

Theorem 1.1 (Cauchy’s integral formula in a polydisc). Let D = Dy x--- D, be a polydisc,
let f € C(D) be such that f is separately holomorphic* in z; € D; for all j. Then

R 0
1) = G /aoD G2 (G 2)

(The integral can be defined by parametrizing 0oD: for D; = {|z; — a;| < 15}, let (i(t) =
a; + rje“j, 0<t; <2m.)

dGy- -+ dGp.

Proof. Proceed by induction on n. When n = 1, this is the usual Cauhy’s integral formula.
Suppose the formula holds for n — 1. Write D = D(«y,71) x D', where D(aq,r1) C C and
D' C C" L. For every z € D(ay,71),

o 1 f(z.¢) !
J(z2) = (2mi)n—t /80D’ (G2 —22) (Cn — 2n) 4

By Cauchy’s integral formula and the fact that f € C(D),

1 f¢.¢)

fa )= 2mi Jonarm) ¢— 7 4
1 1 1 f(z,¢) /
== dc'| d
270 Jop(aim) € — 2 [(27T’i)”_1 /80D’ (G2 —22) - (Cn — 2n) ¢| e

S /(©)
- (2mi)n /aoD (C1—z1) - (Cn — 2n) dCy -~ - dp.

The result follows. O

Corollary 1.1. Let f satisfy the assumptions in the theorem. Then f € C*(D), and
therefore, f € Hol(D).

Corollary 1.2. Let Q C C be open, and let f € C(QQ) be separately holomorphic. Then
f € Hol(Q).

Proof. Take a polydisc D with D C Q around each point. O

'In particular, we are not assuming that f is holomorphic because we do not assume that f € C*.



1.3 Local uniform convergence of holomorphic functions

Theorem 1.2. Let u; € Hol(Q) be such that up — w locally uniformly in Q. Then
u € Hol(Q), and for every a, 0%uy, — 0%u locally uniformly. Here, o« = (aq,...,q,) € N”
is a multiindez, and 0% = OF} - -- O3

Proof. Let D be a polydisc with D C Q. Then
1 / ug(¢)
up(2) = ———
MO = Gl oy G =20 (G = 2)

It follows that u € Hol(f2), and 0%uj — 0%u uniformly in a neighborhood of the center of
D for all a. 0

¢,  zeD.

1.4 Cauchy’s estimates

Let D C C" be a polydisc, let u € C(D) NHol(D), and write

1 / u(Q)
u(z) = _ dc¢.
B = @iy S €27
Here, when « is a multiindex, write z* = 2" --- 29", and denote E(1,...,1). Also, when
« is a multiindex, denote ! := aq!- - !, Then for all o,

o ~a u(Q)
P = G T 5

We then have Cauchy’s estimates:

Theorem 1.3 (Cauchy’s estimates). Let D C C" be a polydisc centered at 0, and let
u € C(D)NHol(D). Then

M
0%u(0)] < al—, M = sup |u].
re doD
Proof. By taking derivatives in the Cauchy integral formula as above, we get

I M(2mi)"rE M
ou(0) < 0 MQ@m)tT M 0

— (2mi)n rBo ro

1.5 Analyticity of holomorphic functions

Theorem 1.4. Let D C C" be a polydisc centered at 0, and let f € Hol(D). We have,
with normal convergence in D:

f(Z) — Z aaf(o) P

al
(07

Here, normal convergence means that ) uj converges normally in Q (Y supy |u;| < o)
for all compact K C Q.
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